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The effect of partially ﬁlled poly ethylene (PE) foam core on the behavior of torsional buck-
ling of an isotropic, simply supported piezoelectric polymeric cylindrical shell made from
polyvinylidene ﬂuoride (PVDF), and subjected to combined electro-thermo-mechanical
loads has been analyzed using energy method. The shell is reinforced by armchair double
walled boron nitride nanotubes (DWBNNTs). The core is modeled as an elastic environ-
ment containing Winkler and Pasternak modules. Using representative volume element
(RVE) based on micromechanical modeling, mechanical, electrical and thermal character-
istics of the equivalent composite were determined. Critical buckling load is calculated
using strains based on Donnell theory, the coupled electro-thermo-mechanical governing
equations and principle of minimum potential energy. The results indicate that buckling
strength increases substantially as harder foam cores are employed i.e. as Ec/Es is increased.
The most economic in-ﬁll foam core is at g = 0.6, as cost increases without much signiﬁcant
improvement in torsional buckling at higher g’s.
 2011 Elsevier Inc. All rights reserved.1. Introduction
Composites offer advantageous characteristics of different materials with qualities that none of the constituents possess.
Nanocomposites developed in recent years, have received much attention amongst researchers due to provision of new
properties and exploiting unique synergism between materials. PVDF is an ideal piezoelectric matrix due to characteristics
including ﬂexibility in thermoplastic conversion techniques, excellent dimensional stability, abrasion and corrosion resis-
tance, high strength, and capability of maintaining its mechanical properties at elevated temperature. It has therefore found
multiple applications in nanocomposites in a wide range of industries including oil and gas, petrochemical, wire and cable,
electronics, automotive, and construction. Boron nitride nanotubes (BNNTs) used as the matrix reinforcers, apart from hav-
ing high mechanical, electrical and chemical properties, present more resistant to oxidation than other conventional nano-
reinforcers such as carbon nanotubes (CNTs). Hence, they are used for high temperature applications [1–6].
Regarding research development into the application of foam core, Karam and Gibson [7] analyzed elastic buckling of a
thin cylindrical shell supported by an elastic core and reported signiﬁcant weight saving compared with a hollow cylinder
using this structural conﬁguration. Agrawal and Sobel [8] investigated the weight compressions of cylindrical shells with
various stiffness under axial compression and showed that honeycomb sandwiches offer a substantial weight advantage over. All rights reserved.
anical Engineering, Faculty of Engineering, University of Kashan, Kashan, Islamic Republic of Iran.
rbanpour@yahoo.com (A. Ghorbanpour Arani).
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load and obtained optimal outer shell thickness, core thickness and core density by minimizing the weight of geometrically
perfect shell with a speciﬁed load carrying capacity. Elastic stability of cylindrical shell with an elastic core under axial com-
pression was investigated by Ghorbanpour Arani et al. [10] using energy method. They reported increased elastic stability
and signiﬁcant weight reduction of the cylindrical shells.
The above studies have assumed solid foam core or one with a ﬁxed thickness, and have not considered necessarily the
optimum design arrangement. Partial or complete ﬁlling of the foam core, can signiﬁcantly increase buckling resistance of
the shell, the extent of which needs to be optimized for design purposes in terms of weight and cost, at different circum-
stances. Ye et al. [11], however, investigated buckling of a thin-walled cylindrical shell with foam core of various thickness
under axial compression and suggested that despite enhancing the resistance to buckling failure, increase in foam core thick-
ness beyond 10% of the outer radius is inefﬁcient due to extra cost and weight involved.
With respect to developmental works on buckling of the cylindrical shells, it should be noted that none of the research
mentioned above, have considered smart composites and their speciﬁc characteristics. Active control of laminated cylindri-
cal shells using piezoelectric ﬁber reinforced composites was studied by Ray and Reddy [12] using Mori–Tanaka model.
However, the reinforced materials used were CNTs which are not smart. Also, Mori–Tanaka models for the thermal conduc-
tivity of composites with interfacial resistance and particle size distributions were studied by Bohm and Nogales [13]. Micro-
mechanical modeling which has the potential to take into account the electrical load was used by Tan and Tong [14] for
studying an imperfect textile composite. However, neither the matrix nor the reinforced material used in the composite em-
ployed in this work was smart. Buckling of boron nitride nanotube reinforced piezoelectric polymeric composites subjected
to combined electro-thermo-mechanical loadings was investigated by Salehi-Khojin and Jalili [15] and showed that applying
direct and reverse voltages to BNNT changed buckling loads for any axial and circumferential wave-numbers. These studies
who have taken into account smart composites in buckling of the cylindrical shells, have not considered application of foam
core.
In order to investigate the effect of an elastic core on the torsional buckling of a cylindrical shell, in this research, the effect
of partially ﬁlled poly ethylene (PE) foam core on the behavior of electro-thermo-mechanical torsional buckling of an isotro-
pic, simply supported PVDF shell, reinforced by DWBNNTs has been analyzed using energy method and the principle of min-
imum potential energy. Simultaneous applications of DWBNNTs and PVDF here are important in providing smart
composites.2. Formulation
2.1. Constitutive equations for piezoelectric materials
In a piezoelectric material, application of an electric ﬁeld to it will cause a strain proportional to the mechanical ﬁeld
strength, and vice versa. The constitutive equation for stresses r and strains ematrix on the mechanical side, as well as ﬂux
density D and ﬁeld strength E matrix on the electrostatic side, may be arbitrarily combined as follows [16–18]:rx
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>;; ð2Þwhere Cij, eij, ii (i, j = 1, . . . ,6), ak (k = x,h,z) and DT are elastic constants, piezoelectric constants, dielectric constants, thermal
expansion coefﬁcient and temperature difference, respectively.
BNNTs in general have two highly symmetrical structures; zigzag and armchair. For uniaxial strain, zigzag tubes exhibit a
longitudinal piezoelectric response [19], while the armchair tubes have an electric dipole moment linearly coupled to tor-
sion. Hence, for investigating torsional buckling behaviour of the smart composite in this study, the armchair structure of
BNNTs was selected. Double-wall BNNTs were chosen over single-wall BNNT primarily because of their superior stability
and durability in applications requiring mechanical strength, hardness and high thermal conductivity.
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In order to calculate the middle-surface strain and curvatures, using Kirchhoff-Love assumptions, the displacement com-
ponents of an arbitrary point anywhere are written as [20]:uðx; h; zÞ ¼ u0ðx; hÞ  z owðx; hÞox ;
vðx; h; zÞ ¼ v0ðx; hÞ  z owðx; hÞoh ;
wðx; h; zÞ ¼ wðx; hÞ:
ð3Þwhere, u, v, w are the displacements of a arbitrary point of the shell in the axial, circumferential and radial directions, respec-
tively, u0, v0, w0 are the displacements of points on the middle surface of the shell and z is the distance of the arbitrary point
of the shell from the middle surface.
Assuming the total strain tensor to be the sum of mechanical and thermal strains, i.e.e ¼ eMech þ eTherm; ð4Þ
where mechanical (eMech) and thermal (eTherm) strains are deﬁned as:emech ¼
exx
ehh
exh
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eh,0, exh, 0 and changes in the curvature and torsion of the middle surface kx, kh, kxh as follows:exx ¼ ex;0 þ zkx;
ehh ¼ eh;0 þ zkh;
exh ¼ exh;0 þ zkxh;
ð6Þwhere z is, the distance from the arbitrary point to the middle surface and assume Donnell’s hypothesis and zRs, where Rs is
the radius of the shell, the expressions for the middle surface strains and the changes in the curvature and torsion of the
middle surface with using Eq. (3) becomes:eMech ¼
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CCCA: ð7Þ2.3. Micro-electromechanical models
In this work, PVDF and DWBNNTs were used respectively, as matrix and reinforced materials in shell for the polymeric
piezoelectric ﬁber reinforced composites (PPFRC), with their constituents assumed to be orthotropic and homogeneous with
respect to their principal axes. To evaluate the effective properties of a PPFRC unit cell, using approach adopted by Tan andFig. 1. A schematic of RVE and DBNNTs reinforced composite.
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zoelectric ﬁber reinforced composite (PFRC) are obtained using the appropriate ‘Xmodel’ in association with the ‘Ymodel’ (or
vice-versa). Then, properties of a PPFRC unit cell are calculated using ‘XY (or YX) rectangle model’ (see Fig. 1). The closed-form
formula used in ‘X model’ (or ‘Y model’) expressing the mechanical, thermal and electrical properties of the composite as
explained in Eqs. (1) and (2) above are [14]:C11 ¼ C
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; ð26ÞSuperscripts r and m refer to the reinforced and matrix components of the composite, respectively. q is also the vol% of the
reinforced DWBNNTs in matrix.
2.4. Energy method
The total potential energy, V, of the PPFRC cylindrical shell with a foam core under torsional moment is the sum of strain
energy, U, the work W done by the applied load, and the strain energy X stored in the foam core is expressed as:V ¼ U þW þX; ð27Þ
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; ð31Þhere, h is the angle between the global and local cylindrical co-ordinates, which corresponds to the orientation angle be-
tween DWBNNTs and the main axis of the matrix.
Strain energy by combining Eqs. (4)–(7) and Eq. (29), may be written as:U ¼ 1
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Z
Nxex þ Nheh þ 2Nxhexhð Þds; ð33Þwhere ds is surface element. It is noted that the torsional load (Nxh), makes axial and circumferential loads equal to zeros
(Nx = Nh = 0). Using strain relation from Eq. (7), W rewritten as:W ¼ 2
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ds: ð34ÞThe third type of total energy needing to be veriﬁed is the energy stored in the core, X, expressed as:X ¼
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Fowds; ð35Þwhere Fo, the interfacial force per unit length is:Fo ¼ Poð2pRsÞ ¼ kww kGr2w
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; ð36Þwhere Kw and Kg are Winkler and Pasternak modules, respectively. Po is also the pressure generated on the foam core outer
interface due to shell buckling. Based on the assumption of a linear, homogeneous and isotropic foam core the pressure Po
may be expressed as [22]:Po ¼ Ec1 tc
w
Rs
1 g2
1þ g2 ; ð37Þwhere Ec, tc, R s, are elastic module of the core, Poisson’s ratio of the core and radius of the shell, respectively. The in-ﬁll ratio
g (corresponding to the thickness of the foam core) is also deﬁned as g = Rc/Rs. The displacement term in z direction can only
be deﬁned once the boundary condition of the cylindrical shell is determined. The boundary condition considered in this
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displacement caused by the pre-buckling force, which determines our boundary condition is [19]:w ¼ C sinðqx nhÞ; ð38Þ
where q ¼ PpL as well as C, L, P and n are arbitrary constant, length of cylinder, half axial and circumferential wave number,
respectively.
Replacing Eq. (38) into Eqs. (36) and (37) yields Fo deﬁned as:Fo ¼ Kw þ kGn
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: ð39ÞAt this stage, various components of total potential energy can be presented by replacing Eqs. (32), (34) and (35) into Eq.
(27), and integrating with respect to the distance zwithin the limits of Rs and Rs + h, which yields the expression for the total
potential energy V as:V ¼ 1
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ð40Þ2.5. Minimum potential energy principle
In order to determine the critical torsional buckling load, minimum potential energy principle [10] is used, in which the
total potential energy is minimum with respect to arbitrary constants in the boundary condition. By replacing the boundary
condition Eq. (38) into Eq. (40) and differentiating twice the latter with respect to the arbitrary constant C, the critical tor-
sional load is obtained as below:Ncritxh ¼ C11
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: ð41ÞIn this study, the critical torsional buckling load ðNcritxh Þ is normalized by multiplying it to (1/(Esh)). Hence, the dimensionless
critical torsional buckling load is Nxh ¼ Ncritxh =Ech.
3. Numerical results and discussion
Having obtained Eq. (41) above, the inﬂuence of the extent of in-ﬁll core, that is the in-ﬁll ratio g, on the dimensionless
critical torsional buckling load could be investigated considering parameters including: the vol% of DWBNNTs in the matrix
Fig. 2. Hollow circular cylindrical composite shell with core.
Table 1
Mechanical, electrical, and thermal properties of PVDF, DBNNT and PE.
PVDF DWBNNT PE
C11 = 238.24 (GPa) E = 1.8 (TPa) E = 125 (GPa)
C22 = 23.6 (GPa) t = 0.34 t = 0.30
C12 = 3.98 (GPa) e11 = 0.95 (C/m2) q = 1.45 (kg/m3)
C66 = 6.43 (GPa) ax = 1.2  106 (1/K)
e11 = 0.135 (C/m2) ah = 0.6  106 (1/K)
e12 = 0.145 (C/m2)
 = 1.1068  108 (F/m)
ax = 7.1  105 (1/K)
ah = 7.1  105 (1/K)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1
1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
η
N
* x
θ
With electric field, Present work
Without electric field, Ye et al. [11]
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2990 A.A. Mosallaie Barzoki et al. / Applied Mathematical Modelling 36 (2012) 2983–2995(mc), electrical ﬁeld (E), half axial (P) and circumferential (n) wave numbers. Fig. 2 illustrates PPFRC cylindrical shell with the
elastic core in which geometrical parameters of length, Ls, radius, Rs, and thickness h are also indicated. Mechanical, electrical
and thermal characteristics of PVDF matrix, DWBNNTs reinforce, and PE foam core are presented in Table 1 [15].
In the present work, the torsional buckling of PPFRC with an elastic core has been studied. Since, no reference to such a
work is found to-date in the literature, its validation is not possible. However, in an attempt to validate this work as far as
possible, axial buckling of PPFRC with an elastic core was studied which in the absence of electric ﬁeld and considering q = 0,
Es = 200 GPa, ts = 0.3, h = 0.1524 mm, Rs = 76.2 mm, Ls = 100 mm and tf = 0.1 is similar to that presented by Ye et al. [11]. For
this purpose, the displacement satisfying our boundary condition is [11]:w ¼ q  sin p a x
L
 h i
sin p x
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; ð42Þ
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A.A. Mosallaie Barzoki et al. / Applied Mathematical Modelling 36 (2012) 2983–2995 2991where q and a are amplitude and circumferential wave number, respectively. At this stage, shell critical stress ðrcritx Þ is deter-
mined by dividing Ncritx to the thickness of shell (h). ðrcritx Þ is then normalized, by dividing it to r0 deﬁned as:r0 ¼ 1ﬃﬃﬃ
3
p  Esﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 m2
p h
Rs

 
: ð44ÞFig. 3 illustrates the results of validation exercise by plotting rcritx =r0 versus g for Ec/Es = 10
1 in the presence and absence of
electric ﬁeld. As can be seen, in case of no electric ﬁeld, the results obtained are the same as those expressed in [11], indi-
cating validation of our work. In the presence of electric ﬁeld however, the normalized critical axial buckling stress increases,
indicating the important inﬂuence of the electric ﬁeld discussed in more details later in Fig. 8.
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Fig. 4 illustrates the inﬂuences of g and q on the dimensionless critical torsional buckling load Nxh with respect to half
axial wave number P. As can seen, Nxh is directly related to q. Also, the inﬂuence of q is more signiﬁcant than g, which is
perhaps due to the fact that at a speciﬁc q, the buckling load does not vary much with changes in g. However, at a speciﬁc
g; Nxh does vary considerably with changes in q. At small P values, N

xh is very high; as P increases, critical buckling loads
decrease sharply ﬁrst to a minimum between P values ranging from 2 to 8 where the minimum Nxh takes place, before they
increase slightly again. It is also worth mentioning that at a speciﬁc q, the inﬂuence of in-ﬁll ratio g at lower P values are
more apparent than higher P’s.
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Fig. 10. Buckling load versus to half axial wave number P and circumferential wave number n for g = 0.2.
0
5
10
15
20
02
46
810
0
0.2
0.4
0.6
0.8
1
1.2
1.4
Pn
N
x
θ
*
Fig. 11. Buckling load versus to half axial wave number P and circumferential wave number n for g = 0.8.
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Fig. 5 demonstrates the graph of dimensionless critical torsional buckling load versus the aspect ratio Ls/Rs for different
g’s. In lower values of Ls/Rs, critical buckling load is high and reduces sharply down to Ls/Rs = 1.5, where a minimum is
observed, before Nxh increases again slightly. Interestingly, as g increases, minimum N

xh occurs at higher Ls/Rs values, and
for coreless cylinder (g = 1), Nxh does not vary much after minimum point, irrespective of higher Ls/Rs.3.3. Effects of h and g
The inﬂuence of the orientation angle of DWBNNTs (h), on the dimensionless critical torsional buckling load is shown in
Fig. 6 for different values of g. As can be seen, the critical buckling load curves are periodic functions with a period of h = 3.14
(or p). In the main period, there are both a maximum and a minimum buckling loads, which take place at higher h as the
orientation angle, g is increased. In other words, as g increases (i.e. the core thickness decreases), minimum critical buckling
2994 A.A. Mosallaie Barzoki et al. / Applied Mathematical Modelling 36 (2012) 2983–2995takes place at higher h. The same observation could also be made from both Figs. 4 and 5. The maximum Nxh is of interest in
industrial applications which is different for various g’s and occurs in the range of h = 0 to h = 1.
3.4. Effect of Ec and g
The inﬂuence of elastic modulus in the form of an aspect ratio Ec/Es on the graph of dimensionless critical torsional buck-
ling load versus g is shown in Fig. 7. The results indicate that buckling strength increases substantially as harder foam cores
are employed i.e. as Ec/Es is increased. If the core is soft (i.e. Ec/Es = 101), the thickness of the core has little effect on the N

xh.
3.5. Effect of tc and g
Fig. 8 shows the inﬂuence of the core Poisson’s ratio (mc) on the dimensionless critical torsional buckling load, where mc is
directly related to the Nxh. The critical buckling load is maximum for solid core, (g = 0) and does not vary signiﬁcantly with
changes in g. This is because mc is low in value and will not affect the outcomes of the Nxh calculations.
For practical design purposes, cost optimization, reduced weight and increased efﬁciency are important, all of which, are
affected by g. Figs. 7 and 8 do not show a clear optimum point, but indicate that, there is little improvement for g < 0.6.
Hence, this may be considered as the maximum allowable economic g.
3.6. Effect of E and g
Fig. 9, shows the effect of direct and reverse electric ﬁeld on Nxh along different g’s. As can be seen, reverse electrical ﬁeld
increases critical buckling load, possibly due to its longitudinal direction of polarization. This is the same as observations
made by [10]. Also, there is little change in Nxh at 0 < g < 0.2, while for 0.2 < g < 1, critical buckling load decreases sharply.
3.7. Effect of P, n and g
Figs. 10 and 11, show three dimensional illustrations of Nxh in terms of axial half wave number P and circumferential wave
number n for g = 0.2 and g = 0.8, respectively. As expected, for less in-ﬁll core (i.e. g = 0.8 in Fig. 11), the Nxh is less as shell
stability is reduced.
4. Conclusion
In this study, the critical torsional buckling load of a smart composite cylinder (a PVDF piezoelectric polymer reinforced
with DWBNNTs) is evaluated using the principle of minimum potential energy. This work furthers previous studies in three
aspects; the inﬂuence of in-ﬁll foam core on the critical torsional buckling load, evaluating the composite characteristics
using RVE based on micromechanical model, and using DWBNNTs as reinforcer. The results indicated that the higher the
in-ﬁll core (i.e. lower g), the higher is dimensionless critical torsional buckling load Nxh, and the harder the foam core, the
higher the Nxh. However, g has little signiﬁcant effect on N

xh in softer cores. Indeed, the most economic in-ﬁll foam core
is at g > 0.6, as cost increases without much signiﬁcant improvement in critical torsional buckling at higher g’s. Furthermore,
minimum critical torsional buckling load occurs at axial half wave numbers ranging from 2 to 8 and optimum orientation
angle of DWBNNTs takes place for 0 < h < 1.5 radian. It is worth noting that compared to direct one, if reverse electric ﬁeld
is being applied to the cylindrical composite, Nxh will increase. The results of this study are validated as far as possible by the
axial buckling of cylindrical shell with an elastic core in the absence of electric ﬁeld, as presented by Ye et al. [11].
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